Abstract. Given a Banach space valued q-concave linear operator T defined on a σ-order continuous quasi-Banach function space, we provide a description of the optimal domain of T preserving q-concavity, that is, the largest σ-order continuous quasi-Banach function space to which T can be extended as a q-concave operator. We show in this way the existence of maximal extensions for q-concave operators.
Introduction
Let X(µ) be a σ-order continuous quasi-Banach function space related to a positive measure µ on a measurable space (Ω, Σ) such that there exists g ∈ X(µ) with g > 0 µ-a.e. and let T : X(µ) → E be a continuous linear operator with values in a Banach space E. Considering the δ-ring Σ X(µ) of all sets A ∈ Σ satisfying that χA ∈ X(µ) and the vector measure mT : Σ X(µ) → E given by mT (A) = T (χA), it follows that the space L 1 (mT ) of integrable functions with respect to mT is the optimal domain of T preserving continuity. That is, the largest σ-order continuous quasi-Banach function space to which T can be extended as a continuous operator still with values in E. Moreover, the extension of T to L 1 (mT ) is given by the integration operator Im T . This fact was originally proved in space for which this holds? And in this case, which is the relation among Z and mT ? The answer to the first question is in general no. For example, in [25] it is proved that for compacness or weak compacness T has an optimal domain only in the case when Im T is compact or weakly compact, respectively. In the same line it is shown in [5] that T has an optimal domain for AM-compacness if and only if Im T is AM-compact. However, other properties have got positive answers to our problem, see [5] for narrow operators, [3] for order-w continuous or Y (η)-extensible operators and [14] for positive order continuous operators. Also in [5] the problem is studied for Dunford-Pettis operators, but although some partial results are shown there, the question of the existence of a maximal extension is still open.
In this paper we analyze this problem for the case of q-concave operators, obtaining a positive answer. Namely, if T is q-concave we show how to compute explicitly the largest quasi-Banach function space to which T can be extended preserving q-concavity (Corollary 4.6). Even more, we prove that this optimal domain is in fact the q-concave core of the space L 1 (mT ) and the maximal extension is given by the integration operator Im T . These results are obtained as a particular case of the more general Theorem 4.4 which gives the optimal domain for a class of operators (called (p, q)-power-concave) which contains the q-concave operators.
As an application we obtain an improvement in some sense of the Maurey-Rosenthal factorization of q-concave operators acting in q-convex Banach function spaces (Corollary 4.7). The reader can find information about this nowadays classical topic for example in [11] , [12] and the references therein.
In the last section we provide a new representation theorem for q-concave Banach lattices in terms of a vector measure. This type of representation theorems has its origin in [7, Theorem 8] , where it is proved that every order continuous Banach lattice F with a weak unit is order isometric to a space L 1 (ν) of a vector measure ν defined on a σ-algebra.
Later in [17, Proposition 2.4] it is shown that if moreover F is p-convex then it is order isometric to L p (m) for another vector measure m. Similar results work for F without weak unit but in this case the vector measures used in the representations of F are defined in a δ-ring, see [15, Theorem 5] and [6, Theorem 10] . Also there are representation theorems for F replacing σ-order continuity by the Fatou property, in this case through spaces of weakly integrable functions, see [9] , [10] , [15] and [18] . For p, q ∈ [1, ∞), in Theorem 5.4 we obtain that every q-concave and p-convex Banach lattice is order isometric to a space L p (m) of a vector measure m defined on a δ-ring whose integration operator Im T is q p -concave. The converse is also true. In particular, every q-concave Banach lattice is order isometric to a space L 1 (m) of a vector measure m having a q-concave integration operator.
Preliminaries
In this section we establish the notation and present the basic results on quasi-Banach function spaces (including the proof of some of them for completeness) and on vector measure integration, which will be used through the whole paper. (ii) αx X = |α| · x X for all α ∈ R and x ∈ X, and
For 0 < r ≤ 1 being such that K = 2
for every finite subset (xj)
The quasi-norm · X induces a metrizable vector topology on X where a base of neighborhoods of 0 is given by sets of the form {x ∈ X : x X ≤ 1 n }. So, a sequence (xn) converges to x in X if and only if x − xn X → 0. If such topology is complete then X is said to be a quasi-Banach space (Banach space if K = 1).
Having in mind the inequality (2.1), standard arguments show the next result.
Proposition 2.1. The following statements are equivalent:
Note that if a series xn converges in X then
where r is as in (2.1). By using the map ||| · ||| given in [19, Theorem 1.2] , it is routine to check that if xn → x in X then
Also note that a linear map T : X → Y between quasi-Banach spaces is continuous if and only if there exists a constant M > 0 such that T x Y ≤ M x X for all x ∈ X, see [19, p. 8] .
By a quasi-Banach function space (briefly, quasi-B.f.s.) we mean a quasi-Banach space
is a Banach space we will refer it as a Banach function space (briefly, B.f.s.). In particular, a quasi-B.f.s. is a quasi-Banach lattice for the µ-a.e. pointwise order, in which the convergence in quasi-norm of a sequence implies the convergence µ-a.e. for some subsequence. Let us prove this important fact.
Proof. Let r be as in (2.1). We can take a strictly increasing sequence (nj ) j≥1 such that
by Proposition 2.1 and (2.2), it follows that gm = j≥m |f − fn j | converges in X(µ) and
A quasi-B.f.s. X(µ) is σ-order continuous if for every (fn) ⊂ X(µ) with fn ↓ 0 µ-a.e. it follows that fn X ↓ 0. It has the σ-Fatou property if for every sequence (fn) ⊂ X such that 0 ≤ fn ↑ f µ-a.e. and sup n fn X < ∞ we have that f ∈ X and fn X ↑ f X .
A similar argument to that given in [21, p. 2] for Banach lattices shows that every positive linear operator between quasi-Banach lattices is automatically continuous. In particular, all inclusions between quasi-B.f.s. are continuous.
The intersection X(µ)∩Y (µ) and the sum X(µ)+Y (µ) of two quasi-B.f.s.' (B.f.s.') X(µ) and Y (µ) are quasi-B.f.s.' (B.f.s.') endowed respectively with the quasi-norms (norms)
where the infimum is taken over all possible representations f = f1 + f2 µ-a.e. with f1 ∈ X(µ) and f2 ∈ Y (µ). The σ-order continuity is also preserved by this operations: if X(µ) and Y (µ) are σ-order continuous then X(µ) ∩ Y (µ) and X(µ) + Y (µ) are σ-order continuous. Detailed proofs of these facts can be found in [16] , see also [1, § 3, Theorem 1.3] for the standard parts.
Let p ∈ (0, ∞). The p-power of a quasi-B.f.s. X(µ) is the quasi-B.f.s.
endowed with the quasi-norm
The reader can find a complete explanation of the space X p (µ) for instance in [26, § 2.2] for the case when µ is finite and χΩ ∈ X(µ). The proofs given there, with the natural modifications, work in our general case. However, note that the notation is different: our p-powers here are the 1 p -th powers there. This standard space can be found in different sources, unfortunately, notation is not exactly the same in all of them.
The following remark collects some results on the space X(µ) p which will be used in the next sections. First, recall that a quasi-B.f.s. X(µ) is p-convex if there exists a constant C > 0 such that
for every finite subset (fj ) n j=1 ⊂ X(µ). The smallest constant satisfying the previous inequality is called the p-convexity constant of X(µ) and is denoted by
Remark 2.3. Let X(µ) be a quasi-B.f.s. The following statements hold:
(a) X(µ) p is σ-order continuous if and only if X(µ) is σ-order continuous.
Let T : X(µ) → E be a linear operator defined on a quasi-B.f.s. X(µ) and with values in a quasi-Banach space E. For q ∈ (0, ∞), the operator T is said to be q-concave if there exists a constant C > 0 such that
Note that if T is q-concave then it is p-concave for all p > q. A proof of this fact can be found in [26, Proposition 2.54.(iv)] for the case when µ is finite and χΩ ∈ X(µ). An adaptation of this proof to our context works.
Proof. Since q-concavity implies p-concavity for every q < p, we only have to consider the case q ≥ 1. Denote by C the q-concavity constant of X(µ) and consider (fn) ⊂ X(µ) such that fn ↓ 0 µ-a.e. For every strictly increasing subsequence (n k ) we have that
for all m ≥ 1. Then, (fn) is a Cauchy sequence in X(µ), as in other case we can find δ > 0 and two subsequences (n k ), (m k ) such that n k < m k < n k+1 < m k+1 and δ < fn k − fm k X(µ) ≤ fn k − fn k+1 X(µ) for all k, which is a contradiction. Let h ∈ X(µ) be such that fn → h in X(µ). From Proposition 2.2, there exists a subsequence fn j → h µ-a.e. and so h = 0 µ-a.e. Hence, fn X(µ) ↓ 0. Proof.
Suppose that T : X(µ) → E and T : Y (µ) → E are q-concave and denote by CX and CY their respective q-concavity constants. Write K for the constant satisfying the property (iii) of the quasi-norm · E . We will use the inequality:
where 0 ≤ a, b < ∞ and 0 < t < ∞. Let (fj )
q−1 } and using (2.4), we have that
e. for all j and so
Denoting C = max{CX , CY } and using again (2.4), it follows that
Taking infimum over all representations n j=1 |fj | q 1 q = h1 + h2 µ-a.e. with h1 ∈ X(µ) and h2 ∈ Y (µ), we have that
.
q-CONCAVE OPERATORS AND q-CONCAVE BANACH LATTICES
Further information on Banach lattices and function spaces can be found for instance in [1, 19, 21, 22, 26] and [28] .
2.2.
Integration with respect to a vector measure defined on a δ-ring. Let R be a δ-ring of subsets of Ω (i.e. a ring closed under countable intersections) and let R loc be the σ-algebra of all subsets A of Ω such that A ∩ B ∈ R for all B ∈ R. Note that R loc = R whenever R is a σ-algebra. Write S(R) for the space of all R-simple functions (i.e. simple functions supported in R).
A Banach space valued set function m : R → E is a vector measure (real measure when E = R) if m(An) converges to m(∪An) in E for each sequence (An) ⊂ R of pairwise disjoint sets with ∪An ∈ R.
The variation of a real measure λ : R → R is the measure |λ| :
The variation |λ| is finite on R. The space L 1 (λ) of integrable functions with respect to λ is defined as the classical space L 1 (|λ|) with the usual norm |f
The semivariation of a vector measure m : R → E is the function m :
where BE * is the closed unit ball of the topological dual E * of E and |x * m| is the variation of the real measure x * m given by the composition of m with x * . The semivariation m is finite on R.
A set A ∈ R loc is said to be m-null if m(B) = 0 for every B ∈ R ∩ 2 A . This is equivalent to m (A) = 0. It is known that there exists a measure η :
The space L 1 w (m) of weakly integrable functions with respect to m is defined as the space
The spaces L 1 (m) and L 1 w (m) are B.f.s.' related to the measure space (Ω, R loc , η), and the expression
gives a norm for both spaces. The norm of f ∈ L 1 (m) can also be computed by means of the formula
Moreover, L 1 (m) is σ-order continuous and contains S(R) as a dense subset and L 1 w (m) has the σ-Fatou property. For every R-simple function ϕ = n j=1 αjχA i it follows that
The integration operator Im :
For every g ∈ L 1 (m), the set function mg :
, and in this case
For definitions and general results regarding integration with respect to a vector measure defined on a δ-ring we refer to [4, 13, 20, 23, 24] .
Let
As noted in Remark 2.3, the space L p (m) is a σ-order continuous quasi-B.f.s. with the
is a norm and so L p (m) is a B.f.s. Direct proofs of these facts and some general results on the spaces
3. The q-concave core of a σ-order continuous quasi-B.f.s
Let X(µ) be a σ-order continuous quasi-B.f.s. and q ∈ (0, ∞). We define the space qX(µ) to be the set of functions f ∈ X(µ) such that
where the supremum is taken over all finite set (fj)
Proof. First let us see that if f ∈ qX(µ) and g ∈ L 0 (µ) with |g| ≤ |f | µ-a.e. then g ∈ qX(µ)
Taking supremum over all (gj) n j=1 ⊂ X with |g| = n j=1 |gj | q 1 q µ-a.e., we have that g ∈ qX(µ) with g qX(µ) ≤ f qX(µ) .
It is direct to check that · qX(µ) satisfies the properties (i) and (ii) of a quasi-norm. Let K be the constant satisfying the property (iii) of a quasi-norm for · X(µ) . Given f, g ∈ qX(µ) and (hj )
hj χA
hj χ Ω\A q X(µ) .
Note that |f + g|χA, |f + g|χ Ω\A ∈ qX(µ) as |f + g|χA ≤ 2|f | and |f + g|χ Ω\A ≤ 2|g|. Then,
By using again (2.4), we have that
Taking supremum over all (hj)
e., we have that
Finally, let us prove that qX(µ) is complete. Denote by r and r ′ the constants satisfying (2.1) for X(µ) and qX(µ) respectively. Note that r ′ < r as 2
, from Proposition 2.1, we have that 
On other hand, since X(µ) is σ-order continuous and |hj |χA k ↑ |hj | µ-a.e. as k → ∞, we have that hj χA k → hj in X(µ) as k → ∞. Taking limit as k → ∞ in the above inequality and applying (2.3), we obtain that and so qX(µ) is q-concave. The σ-order continuity is given by Proposition 2.4.
Even more, the following proposition shows that qX(µ) is in fact the q-concave core of X(µ), that is, the largest q-concave quasi-B.f.s. related to µ contained in X(µ). In particular, qX(µ) = X(µ) whenever X(µ) is q-concave. Let f ∈ Z(ξ) (so f ∈ X(µ)) and (fj ) n j=1 ⊂ X(µ) with |f | = n j=1 |fj | q 1 q except on a µ-null set N . Since |fj |χ Ω\N ≤ |f | pointwise (so ξ-a.e.), then fj χ Ω\N ∈ Z(ξ). Noting that fj = fj χ Ω\N µ-a.e., it follows that
Hence f ∈ qX(µ) with f qX(µ) ≤ C f Z(ξ) . 
In particular, if Z(µ) is a q-concave quasi-B.f.s. such that Z(µ) ⊂ X(µ), we have that i : Z(µ) → X(µ) is well defined, continuous and so q-concave. Then, from (a) ⇒ (b) we have that Z(µ) ⊂ qX(µ).
For p ∈ (0, ∞), the p-power of qX(µ) can be described in terms of the p-power of X(µ). 
Let now f ∈ qpX(µ) p . In particular f ∈ X(µ) p and so |f | p ∈ X(µ). Consider (fj )
Optimal domain for (p, q)-power-concave operators
Let X(µ) be a σ-order continuous quasi-B.f.s. satisfying what we call the σ-property: Ω = ∪Ωn with χΩ n ∈ X(µ) for all n, and let T : X(µ) → E be a continuous linear operator with values in a Banach space E. We consider the δ-ring
and the vector measure mT : Σ X(µ) → E given by mT (A) = T (χA). Note that the σ-property of X(µ) guarantees that Σ 
In other words, L 1 (mT ) is the optimal domain to which T can be extended preserving continuity. In this section we present the main results of the paper, including a description of the optimal domain for T (when T is q-concave) preserving q-concavity. First, we have to provide a natural non-finite measure version of the so called p-th power factorable operators, which were developed for the first time in [26, § 5.1] for the case of finite measures. For p ∈ (0, ∞), we say that T is a p-th power factorable operator with a continuous extension if there is a continuous linear extension of T to X(µ)
for a continuous linear operator S.
Regarding this definition and having in mind Remark 2.3.(b), two standard cases must be considered whenever χΩ ∈ X(µ). If 1 < p we have that X(µ) The following result, which is proved in [16] in order to find the optimal domain for p-th power factorable operators, will be the starting point of our work in this section. The proof is an adaptation to our setting of the proof given in [26, Theorem 5.7] for the case when µ is finite, χΩ ∈ X(µ) and p ≥ 1. (a) T is p-th power factorable with a continuous extension.
for all f ∈ X(µ). [16] , where moreover it is proved that if T is p-th power factorable with a continuous extension then L p (mT ) ∩ L 1 (mT ) is the optimal domain to which T can be extended preserving this property. Now, let us go to the new results on optimal domains. We consider the following property stronger than p-th power factorable and look for its optimal domain.
Moreover, if (a)-(d) holds, the extension of T to X(µ)
For p, q ∈ (0, ∞), we say that T is (p, q)-power-concave if there exists a constant C > 0 such that
for every finite subset (fj) n j=1 ⊂ X(µ). If χΩ ∈ X(µ) and p ≥ 1 we have that X(µ) (iv) If T is (p, q)-power-concave then T is p-th power factorable with a continuous extension. Indeed, the (p, q)-power-concave inequality applied to an unique function is just the item (d) of Theorem 4.1
As we will see in the next result, (p, q)-power-concavity is close related to the following property. We say that T is p-th power factorable with a q-concave extension if there exists a q-concave linear extension of T to X(µ)
with S being a q-concave linear operator. In this case, it is direct to check that T is q-concave. (iv) we have that T is p-th power factorable with a continuous extension. Let S : X(µ) 1 p + X(µ) → E be a continuous linear operator extending T . We are going to see that S is q p -concave. Since T is (p, q)-power-concave and S = T on X(µ), there exists C > 0 such that
for all finite subset (fj )
e. for all j. The σ-property of X(µ) allows to find for each j = 1, ..., n a sequence (h j k ) ⊂ X(µ) such that 0 ≤ h j k ↑ fj µ-a.e. as k → ∞ (see [16] for the details). For every k, we have that
On other hand, since X(µ)
Hence, taking limit as k → ∞ in the above inequality, it follows that 
Since fj ϕj ∈ X(µ) 1 p + X(µ) as |fj ϕj | ≤ |fj |, then Im T (fj ϕj) = S(fj ϕj ). So, by using inequality (2.4) and the q p -concavity of S, we have that
Taking limit as
is well defined, which is equivalent
-concave. On other hand, it is straightforward to verify that 
Consider (fj) n j=1 ⊂ X(µ) and note that fj ∈ L 1 (mT ) with Im T (fj ) = T (fj) for all j.
Then,
Theorem 4.4. Suppose that T is (p, q)-power-concave. Then, T factors as
with Im T being (p, q)-power-concave. Moreover, the factorization is optimal in the sense:
such that ξ ≪ µ and
with S being a (p, q)-power-concave linear operator
is well defined and
Proof. The factorization (4.1) follows from Theorem 4.3. The space
is σ-order continuous as noted before and satisfies the σ-property as X(µ) does. Since
is well defined as
Let Z(ξ) satisfy (4.2). In particular, Z(ξ) has the σ-property. From Theorem 4.3 applied to the operator S :
for all A ∈ Σ X(µ) (i.e. mT is the restriction of mS : Σ Z(ξ) → E to Σ X(µ) ), from [3, Lemma 3] , it follows that L 1 (mS) = L 1 (mT ) and Im S = Im T . Therefore,
We can rewrite Theorem 4.4 in terms of optimal domains.
is the largest σ-order continuous quasi-B.f.s. to which T can be extended as a (p, q)-power-concave operator still with values in E. Moreover, the extension of T to the space
is given by the integration operator Im T .
Recalling that the (1, q)-power-concave operators coincide with the q-concave operators, we obtain our main result. Corollary 4.7. Let 1 ≤ q < ∞. Assume that µ is σ-finite and that X(µ) is q-convex and has the σ-Fatou property. If T is q-concave then it can be factored as
for positive multiplication operators Mg and M g −1 . The converse is also true.
Vector measure representation of q-concave Banach lattices
In this last section we look for a characterization of the class of Banach lattices which are p-convex and q-concave in terms of spaces of integrable functions with respect to a vector measure. For 1 < p, it is known that order continuous p-convex Banach lattices can be order isometrically represented as spaces L p of a vector measure defined on a δ-ring (see [6, Theorem 10] ). We will see that the addition of the q-concavity property to the represented Banach lattice translates to adding some concavity property to the corresponding integration map. First let us show two results concerning concavity for the integration operator of a vector measure which will be needed later.
Let m : R → E be a vector measure defined on a δ-ring R of subsets of Ω and with values in a Banach space E.
Proof. Suppose that Im : L 1 (m) → E is q-concave and denote by C its q-concavity con-
Taking supremum for each j = 1, .., n over all ϕj ∈ S(R) with |ϕj | ≤ 1, from (2.5), if follows that
The converse is obvious as Im is continuous.
Direct useful consequences can be deduced of the fact that the integration map Im :
Assume that m is defined on a σ-algebra and note that q- In the case when χΩ ∈ L 1 (m) (for instance if m is defined on a σ-algebra), we obtain a further result regarding (p, q)-power-concave operators.
Proof. First note that under the hypothesis it follows that L p (m) has the σ-property
and so mI m coincides with mχ Ω (see Preliminaries). Then,
of the definition of (p, q)-power-concave operator.
Let us go now to the representation of q-concave Banach lattices as spaces of integrable functions. We begin by considering B.f.s.'. For ϕ ∈ S(Σ Z(ξ) ) we have that ϕ ∈ Z(ξ) 1 p and Im(ϕ) = ϕ. Moreover, since m is positive,
In particular, by taking ϕ = χA, we obtain that m is equivalent to ξ. Note that if χΩ ∈ Z(ξ), then Σ Z(ξ) = Σ and so m is defined on a σ-algebra.
For the final result we need some concepts related to Banach lattices. The definitions of p-convexity, q-concavity and σ-order continuity for Banach lattices are the same that for B.f.s.'. A Banach lattice F is said to be order continuous if for every downwards directed system (xτ ) ⊂ F with xτ ↓ 0 it follows that xτ F ↓ 0 and is said to be σ-complete if every order bounded sequence in F has a supremum. A Banach lattice which is σ-order continuous and σ-complete at the same time is order continuous, see [21, Proposition 1.a.8].
A weak unit of a Banach lattice F is an element 0 ≤ e ∈ F such that inf{x, e} = 0 implies x = 0. An operator T : F1 → F2 between Banach lattices is said to be an order isometry if it is linear, one to one, onto, T x F 2 = x F 1 for all x ∈ F1 and T (inf{x, y}) = inf{T x, T y} for all x, y ∈ F1. In particular, an order isometry is a positive operator. So, by using [21, Proposition 1.d.9], it is direct to check that every order isometry preserves p-convexity and q-concavity whenever p, q ≥ 1. In particular, from Theorem 5.4 we obtain that a Banach lattice is q-concave (with q ≥ 1) if and only if it is order isometric to a space L 1 (m) of a vector measure m with a q-concave integration operator.
